STOCHASTIC INTEGRAL REPRESENTATIONS FOR STRICTLY 

STABLE DISTRIBUTIONS 

MAKOTO MAEJIMA 1 ' 2 , JAN ROSINSKI 3 ' 4 , AND YOHEI UEDA 1 5 

Abstract. Stochastic integral representations are used to classify and investigate 
special classes of infinitely divisible distributions. They reveal intrinsic structures of 
such classes. In this paper we develop stochastic integral representations for the class 
of strictly stable distributions on Euclidean spaces. We also determine the relation 
between the stochastic integral and LePage series representations for strictly stable 
distributions and characterize distributions for which both representations hold. 
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1. Introduction 

Stochastic integral representations of special classes of infinitely divisible dis- 
tributions reveal intrinsic structures of such classes, that can be used to determine 
relations among them and also to define and investigate new classes of interest; see, 
e.g., PQ El El El [131 EH] and (i)-(iv) below. In addition, such representations help to 
understand the nature of random mechanisms that produce particular classes of in- 
finitely divisible distributions. The purpose of this paper is to determine a stochastic 
integral representation for the class of strictly stable distributions on Mr. 

Throughout this paper, J(IR d ) denotes the class of all infinitely divisible distri- 
■^j- butions on M d , C(X) stands for the distribution of a random variable X, the S- 



> 

X 



distribution concentrated at a e M. is denoted by 5 a , and given \x G J(R ), {X t } 
denotes a Levy process such that C{X\) = ji. 

To further motivate this work, let us recall stochastic integral representations for 
the following four subclasses of of J(IR d ): 
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(i) L(M. d ), the class of self decomposable distributions, which are limiting distributions 
of suitably normalized partial sums of independent random variables satisfying the 
infinitesimal condition. It has the stochastic integral representation 



L(R d ) = \£[ e-'dxr y.fie Iio g (lR d ) 

where /^(M ') = {/i G I{R d ): f ^i^log \x\/J,(dx) < oo}. (See Jurek and Vervaat 
0, Sato and Yamazato [17], Wolfe [IB].) 

(ii) B(R d ), the Goldie-Steutel-Bondesson class, which is an extension to R d of the 
smallest class that contains all mixtures of exponential distributions and that is closed 
under convolution and weak convergence on K + . It has the stochastic integral repre- 
sentation 

B(R d ) = U (J \og(t- l )dX { A :/j6J( 

(See Barndorff-Nielsen et al. jl].) 

(iii) G(M d ), the class of generalized type G distributions, which is an extension to 
R d of the class of the variance mixtures of one-dimensional standard normal distri- 
butions with infinitely divisible mixing distributions. It has the stochastic integral 
representation 

G(R d ) = U(j^ /2 g*(t)dX { t A ://£/( 

where g*(t) is the inverse function of g(s) = j e~ u du,s > 0. (See Aoyama and 
Maejima [2] for symmetric case and Maejima and Sato [7] for general case.) 
(iv) T(R d ), the Thorin class, which is an extension to M d of the smallest class that 
contains all gamma distributions and that is closed under convolution and weak con- 
vergence on R + . It has the stochastic integral representation 

T(R d ) = J£ n°°p*(t)dX^ : fi e Iio g (K d )} , 

where p*(t) is the inverse function of p(s) = J e~ u u~ 1 du,s > 0. (See Barndorff- 
Nielsen et al. [1].) 

The common property of these representations is that each of them has a fixed 
function that generates the given class of distributions, in the sense that every dis- 
tribution within the class, and only such distribution, is represented by a stochastic 
integral of the given function with respect to a Levy processes. For example, e~ l in 
(i) generates the class of selfdecomposable distributions. Surprisingly, the form of a 




stochastic integral representation for the most important subclass of I (Mr) consisting 
of stable distributions has been unknown. 

In this paper we give such a representation, which is J °° t~ l / a dX[ , for all strictly 



a-stable distributions when a^l. The case a = 1 is more delicate, see Theorem 3^3 
To better understand this representation, consider the case when {X[ } is a com- 
pound Poisson process. That is, X\ = ^ .. T<t Vj, where Tj is the jth arrival time of 
a Poisson process and {Vj} is a sequence of i.i.d. random variables in IR d , independent 
of {t^}. In this case, at least formally, 



(l.i) / r^xf^Vr: 1 ^. 

Jo j=1 

The right-hand side is known as the LePage representation of stable distributions. 



In Theorem 3.4 we investigate (1.1) and characterize the class of distributions rep- 
resentable by either side of this equation. It follows that the series representation 
(without centering) is a special case of our stochastic integral representation, the 
range of the latter representation is the whole class of strictly a-stable distributions 
(a 7^ 1, all strictly stable distributions up to a shift when a = 1). In Theorem 3.7 we 
address the issue of uniqueness of stochastic integral representations. 

Finally, we remark that, as far as representations are concerned, the restriction 
to strictly stable distributions is not essential when a ^ 1, because any a-stable 
distribution is strictly stable up to a convolution with a ^-distribution. (Theorem 
14.7 in Sato |12|. See also the end of the section 2.) 



2. Preliminaries 

The characteristic function fi(z), z G IR d , of /i G J(lR d ) is given by the Levy- 
Khintchine triplet (A, u, 7) as follows 

j2(z) = exp \--(z, Az) + / (e i{z > x) - 1 - i(z, x)l {{xl < 1} (x)) v(dx) + 1(7, z) 

where A is a d x d symmetric nonnegative-defmite matrix, v is a measure (called the 
Levy measure of \i) on M. d satisfying ^({0}) = and J Rd (|x| 2 A l)v(dx) < 00 and 
7 G M. d . We will write \i = H(A,v,i) to denote an infinitely divisible distribution with 
the Levy-Khintchine triplet (A, u, 7). If \i = H(A,v,-y) satisfies J< x < >1 \x\u(dx) < 00, then 
there exists the mean 7 1 G M d of \x such that 

Jl{z) =exp\--(z,Az)+ / (e i{z ' x) - 1 - i(z,x)) u{dx) + i(^\z) 

2 ./md 



and 

7 1 = 7 + / xv(dx). 

J\x\>l 

In this case, we will write \i = /x^^i^. If jw = fJ>(A,v,"f) satisfies J< x < <1 \x\u(dx) < 00, 
then there exists 7 G M d (called the drift of /i) such that 

£(z)=exp(-i(z,As) + / (e i ^-l)iy(dx)+i(j°,z) 

2 .had 



and 



7° = 7 



xv{dx). 



\x\<l 



We will write /x = /iu,,* in this case. 



Corollary 2.1. Lei /i = fi(A,u,j) G J(R d ). T/zen //(a,i/,o)o = ^(^,0)1 «/ an< ^ on ^/ */ 
J Rd |x| u(dx) < 00 ; J Rd x v{dx) = and 7 = j, x , <1 xv{dx). 

We also use the following polar decomposition of a Levy measure v. If v ^ 0, 



then there exist a measure A on S = {x G 



Dei . 



\x\ 



1} with < X(S) < 00 and a 



family {z/^,^ G S} of measures on (0, 00) such that z^(-B) is measurable in £ for each 
B G B((0, 00)), < z^((0, 00)) < 00 for each £ e S and 



(2.1) 



/» /*OG 

1/(5) = / A(#) / l B (rO^(dr), 5 G £(M d \ {0}). 



Measure A is called the spherical component of v and u^ its radial component. If 
u(R d ) < 00, then we may and do assume that z/g are probability measures. Indeed, 
consider a random vector x (->■ (A, |x|) under probability measure v/v{E, d ) and let 
i/| be the conditional distribution of |x| given that A = £. Then (A, 1/^) satisfy (2.1), 
with A(5) = i/({s ^ : g G 5}), 5 G £(S). 

Let S" a (]R d ) be the class of a-stable distributions on M d , < a < 2. The charac- 
teristic function of \x G 5q,(R ) is of the form: when a^l, 



(2.2) £(*) = exp 
and when a — 1, 

(2.3) ju(z) = exp 



y"|(^e)r(l-nan^sgn(^e))Ai(dO+i(^r) 



|<z,OI +z-^,01ogK^0lMi(de)+z(^r) 



7T 



where Ai is a finite measure on S", called the spectral measure of fi, and r 6 M d is a 
shift parameter. Recall that fi G S a (WL d ) is strictly stable when ~p,(bz) = fi(z) ba for all 



b > and z G IR d . Let S^R ) denote the class of strictly a-stable distributions on 
R d . Then // G S^(R d ) if and only if 

\i G S^R^) and r = 0, when a^l, 

// G Si(M d ) and / g £Ai(d£) = 0, when a = I. 
(See, e.g., Theorem 14.10 in Sato [12].) 

3. The results 

Recall that {X^ } denotes a Levy process such that C(Xx) = /i G J(IR d ). Let 
< a < 2. Consider an improper stochastic integral defined by 

/ t-^dx^ = hm / r^dxP 

Jo eiO,T^ J £ 

provided the limits in probability exists. In this case we will say that the improper 
stochastic integral is definable, see Sato [13]. Consider a mapping between infinitely 
divisible distributions fi h» S a (/x) given by 

(3.1) EM = c (p r l ' a dx { A 

Let 2)(S a ) denote the domain of this mapping. The following characterization of 
2)(E a ) follows from Proposition 5.3 and Example 4.5 of Sato [13]. 

Theorem 3.1. (i) If < a < 1, then 

2>(E«) = | /x = /i(o,^o) e KM d ) ■ / d |x|V(dx) < oo I . 

(ii) If a — 1, then 

©(Si) = < /U = a*(o,i/,o) = A*(o,i/,o)i e /(M d ) : / |x| i/(dar) < oo, / x i/(dar) = 0, 



lim / x\og{\x\\/ e) v{dx) and lim / xlog(|x| AT) v{dx) exist 

^° J\x\<l ' T -*°°J\x\>l 



(Hi) If 1 < a < 2, then 

2)(E a ) = L = ^ ( o,, )0)l G /(M d ) : / |x|<V(^) < ooj . 

Remark 3.2. There is a simple sufficient condition for \x in (ii). Namely, \x = ^(0,^,7) £ 
2) (Si) if / Kd \x\ I log |x|| ^(cfe) < 00, f Rd x v(dx) = 0, and 7 = L x \ K1 x u(dx). 



The next three theorems are main results of this paper. The first one gives a full 
characterization of the range of E a . The second one connects the integral and series 
representations of stable distributions. The third one gives a subdomain of S(E a ) on 
which E a is one-to-one. 

Theorem 3.3. Let < a < 2. 

(i) When a^l, we have 

E a (®(E a )) = S° a (R d ). 
(ii) When a = 1, we have 
(3.2) Si(2)(Ei)) = {fiE S°(R d ) : r G span supp(Ai)} , 

where, respectively, Ai and r are £/je spectral measure and the shift of // gwen fry (2.3[). 



i/ere supp(Ai) denotes the support of\\. If \\ = 0, then we put span supp(Ai) = {0} 
by convention. 

Let CPo(M d ) denote the class of compound Poisson distributions on M. d ; CPo(M. d ) = 

{^(0,i/,0)o : ^( Rd ) < °°}- 

Theorem 3.4. Lei /i = [i(o,u,o) be a compound Poisson distributions on IR d and let 
{X\ } be the associated Levy process. Hence X\ = 2~2j- T <t^j' where {tj} is a 
sequence of arrival times in a Poisson process with rate 9 = z/(IR d ) and {Vj} is an 
i.i.d. sequence in IR d with the common distribution B~ x v, independent of {tj}. Then 



POO x 

Jo j=1 



(3.3) 

in the sense that the integral is definable if and only if the series converges a.s. and 



then the equality holds a.s. Consequently, the series in (3.3) converges a.s. if and 
only if /i(o,£(Vi),o)o e 2)(H a ). Furthermore, E a (iO(E a ) fl CPo(M d )) is a subclass of 



S^(R ) consisting of distributions representable by either side of (3.3). We have, 
when < a < 1, 

(3.4) H a (£(~ a ) n CP (M d )) = S° a (R d ); 
when a = 1, 

(3.5) S 1 (D(S 1 ) n CP (M d )) = {fie Sf(R d ) : r G span supp(A x )} ; 
and when 1 < a < 2, 

(3.6) S Q (D(S Q )nCP (M d )) 



= {^ G S° a (R d ) : 3<?(0 > 0, j q{£)Z A x (d£) = and J g(£)^ X 1 (d^) < 00} 
C <?°(R«). 
In i/ie above, respectively, X\ and r are the spectral measure and the shift of /j, given 



by (2.2)-(2.3). 



The following example sheds some light on the characterization (3.6). 

Example 3.5. Let /i G S^IR 2 ), 1 < a < 2, have the spectral measure Ai supported 
by three vertices £1,^2, £3 G S of a proper triangle A. Then 

/i G E a (1)(E a ) n CP (M 2 )) <£=>- A is an acute triangle. 

Indeed, A is an acute triangle if and only if belongs to the interior of A, that 
is, pi£i + ^2^2 + P3^3 = for some Pi,P2,P3 > 0. Define a function q on 5 by 
<z(£j) = PjMi({£j}), * = 1)2,3, and let g(£) = 1 otherwise. Such function satisfies 



(3.6). The converse is clear. 



Let CPo(S') stand for the totality of compound Poisson distributions on IR d with fi- 
nite Levy measure supported on S and let CPi(S') be the totality of infinitely divisible 
distributions on IR d with Gaussian covariance matrix 0, finite Levy measure supported 
on S and mean 0. Then CP (S) C ©(S a ) for < a < 1, CP (S) n CPi(S) C ©(Si), 
and CPi(S) C D(S Q ) for 1< a < 2. 

Remark 3.6. The mappings S a , < a < 2, are not injective. Let us prove it in the 
case a — 1; the proof for a 7^ 1 is similar. Let /x = Ji(o t v,o) G H 1 (S5(H 1 )). Then 

P /*00 

u{B) = / A(d£) / l B K)r- 2 rfr 
is Jo 

= du X(dO / l B (w _1 r05i(dr) 
Jo is 1 Jo 

= du A(dO / 1 B (M- I r02" 1 <5 2 (rfr). 
Jo is 1 Jo 

Let /ii and /i 2 have the Levy- Khint chine triplets (0,^,0) and (0,z/ 2 ,0), where v x 
and z/ 2 have polar decompositions (A, Si) and (A,2 _1 5 2 ), respectively. Then /ii,/i2 G 
2)(Si), /Wi 7^ /i2 and Si(jUi) = 5i(yU 2 ) = /i. See also Remark 6.4 of Barndorff-Nielsen 
et al. [5]. However, as shown in what follows, the restrictions E a \cp (S) with < a < 1, 
2i|cp (5)ncp 1 (5) and H a | CPl(5) with 1 < a < 2 are injective. 



Theorem 3.7. (i) When < a < 1, we have 

E Q (CP (S)) = S° a (R d ) 
and the injectivity of the restriction S a |cp (s)- Especially, in the case d = 1, 

S° a (R) = Ic f I r 1/Q d(iVi(ai) - N 2 (bt)) J : a, b > 

where {Ni(t)} and {N 2 (t)} are independent Poisson processes with unit rate. 
(ii) When a = 1, we have 

E 1 (CP (S) n CP^S)) = {/i£ S°(R d ): the shift parameter r in Q is 0} 



and the injectivity of the restriction £i|cPo(S)nCPi(SO- Especially, in the case d= 1, 

{fi E S?(R): t = 0} = lc( f t^diN^at) - N 2 {at))\ : a > o| . 

(^mj When 1 < a < 2, we have 

E a (CP l (S)) = S° a (R d ) 
and the injectivity of the restriction S a |cp 1 (s)- Especially, in the case d = 1, 

S° a {R) = \c( f r lla d{N x {at) - N 2 (bt) - (a - b)t)) :a,b>0 



In the case (ii) of Theorem 3.7, the range of Ei|cp (s)ncPi(S) is smaller than that 
of Hi. Hence there is a subdomain 2) such that CP (5') D CPi(S') ^ 2) ^ ©(Ei), 
Si(2)) = Si (2) (Ei)) and the restriction Ei|j) is injective. It is an interesting question 
to characterize the class 2). 

4. Proofs 



Proof of Theorem 3J_. Statements (i) and (iii) follow from Proposition 5.3 and Ex- 
ample 4.5 of Sato [13], as does (ii), because 

/ t~ 1 dt / xv(dx) = / xlog(|x| V e) v(dx). 

Je J\x\<t •'|ai|<l 

and 

/ t~ l dt I xv{dx) = / xlog(|x| AT) i/(dx) 

J\ J\x\>t J\x\>l 

The condition j \x\ v(dx) < oo justifies the interchange of the order of integration in 
these integrals. □ 

The following lemma is needed for the proof of the next theorem. 



Lemma 4.1. Let X be a non-zero finite measure on S. Then, for any a G M. d , 
a G span supp(A) if and only if a = f s £f(£) A(d£) for some f G L°°(S, A). 

Proof. Consider a linear subspace H of M d given by 

H=Utf{t)\{dt):feL 0O {S,\) 

and let H 1 - be its orthogonal complement. Let K = span supp(A) and K 1 - be the 
orthogonal complement of K. If p G H^-, then 

<P,0/(0 A(d£) = Ujtf® *(#)) = 

for all / G L°°(S, A), which implies (p, £) = for A-almost all £. Hence p G K- 1 . 
The converse inclusion, X- 1 C if -1 is obvious from the displayed equality, so that 
H x = K 1 . This proves H = K. □ 



Proo/ o/ Theorem^ We first show that S a (J)(S )) C S^(R d ) for all a G (0,2). It 
is enough to prove the strict stability of Y := J °° t^^dX^ when jjl G 2)(S a ). Let 
Y be an independent copy of Y. Then K = J °° £ _1 / Q <iX t with an independent copy 
{X t } of {X^ }. For any c\, C2 > 0, we have 

c x Y + c 2 Y 

{cl a t)- lla dX^ ] + f \c 2 a t)- 1/a dxY ) 
o Jo 

/OO /"OO /-DO / c a \\ 

r 1 ^; + / s-^dx^l i / s- 1 /^ (x^ Cl ) + x? 2 } J 



a _i_„a 



/* oo /*oo 

Jo Jo 

/oo /*oo 

POO 

= (c? + c^) 1/a / r 1/a dx^ = (c? + c^) 1/a r. 

Jo 
This shows the strict stability of F. 

We will also need the following relations. If fi = /i(o,ivr) e ®(^a)? then H a (ju) 

A* = ^(o,j?,7), where 

/*00 /» 

(4.1) i7(B) = / / l B (t _1/Q x) z/(cfe)d£ 

= J J l B (r-^-r) ar- a - x \x\ a drv{dx) 

jR d Jo V fI/ 



/» /*OG 

/ A(«) / IbKK"" 1 dr, 

Js Jo 



with 
(4.2) 

and 
(4.3) 



A(£) = a / 



lb 



|x| a v(dx), 



7 



lim /" r 1/a dt|7+ / x(l 



{It-^xl^l} 



1 



{W<1} 



)l/(d 



a; 



It follows that the spectral measure Ai of \i is given by Ai = |T(— a) cos ™| • A when 
q^I and Ai = f A when a = 1, where A is given by (4.2); see the proof of Theorem 
14.10 in Sato 02]. 

(i) (a ^ 1). We only need to show that S^(R d ) C S a (D(S Q )). 
Case < a < 1: If ju = M(o,jyy°) € S^O^) then 7 = 0. Take \x = A*(o,«/,o)o with 
|r(— a) cos ^ | -1 Ai, where Ai is the spectral measure of /L Then /1 G D(H a ) 



z/ = a 



and, using (4.1)-(4.3), it is easy to check that E a (/^) = /L 

Case 1 < a < 2: If ju = /Jro,^!)! G S°(R d ) then 7 1 = 0. Take \x = A*(o,«/,o)i with 
z/ = « _1 |r(— a) cos z y| _1 Ai, where Ai is the spectral measure of /L Then ^u G 2)(S Q ) 
and, similarly as above, we verify that H a (ju) = Jl. 

(ii) (a = 1). This case is more delicate and its proof is more involved. Let 



Hi G S^(R d ) be given by (J23| with J g £ Ai(d£) = and r G span supp(Ai). Put 
A = |Ai. 



By Lemma 4.1 there is an / G L°°(S,X) such that r = Jo 6/(0 A(d£)- Put 



p(f) = e -/(0. Then £ < #(0 < T A-a.e. £ G S for some < e < 1 < T and 

r = - [ Zlogg(ti) \(dti). 

Js 

Define a measure v on R d by 

u(B)= f X(dO /°°lfl(rO-L^o(*-)= /lB(p(00-^A(de). 

Notice that z/ is a finite measure concentrated on the annulus {^o < I s ! < ^o}. 
Therefore, it clearly satisfies the first, third and forth conditions on v of Theorem 
3.1[ii). The second condition is also immediate as 



/ x u(dx) = / f A(df) = 0. 

jR d JS 



10 



Thus /i = /i(o,z,,o) = /•Ho.ivr) ^ ®(Si), where 7 = f^^x v{dx). Consider Si(p) 
P(o,£yy)- We have 

POO f 

v(B) = / Ib^x) v{dx)dt 

= r f i B (r^(00-ir MdOdt 

Jo Js 9{0 

= / A(de) / ib«k 2 *■ 

^ = ,fe / rt M7+ / x(t { \ t -i x \< 1} -t { \ x \< 1} )v{dx)\ 

eiO,TtooJ £ \ J Rd J 

= lim / t~ l dt I xtr\ t -i x \<n v(dx) 

e±0,T^ocJ £ J Rd Xl l - i 

lim / x v{dx) I t~ l dt = - / flog 0(f) A(d£) = r. 

|.0,Ttoo J Rd JeV\x\ Js 



and 



mix u(dx) i 

s4-0,Ttoo _/ Rd J e v|x| 

Note that the shift parameter in (2.3 ) of Hi(/x) is 7+cL f A(df ), where c is a constant; 



see the proof of Theorem 14.10 in Sato |12j . Since J s ^X(d^) = 0, the shift parameter 
of Si(/z) is 7. Thus Hi(yu) G 5*1 (M d ) has the spectral measure |A = Ai and a shift r. 
This proves that Si(/i) = pi. 

Conversely, let p, € Hi (©(Si)). Then for some p = P(o,v, 7 ) ^ ©(Si), p = S Q (p) = 
A*(o,Zvy)- A* e 5°(R d ) has the spectral measure Ai = |A, where 



A(S) = / Is ( A ) |a?| !>(<&) 



and a shift 



r := 

e4,o 



1™ / t 1 dt[ 1 + x (l{|t-ia:|<i} - l{|*|<i}) v(da:) ) 



(4.4) = lim / t 1 dt xln t -i x \<i\ v{dx). 

e4-0,Ttoo J £ J Rd 



Consider a polar decomposition (2.1 ) of a finite measure p, given by p(ete) = \x\u(dx), 
into the spherical component A, given above, and the radial component p^. p^ are 
probability measures. We have for < e < 1 < T, 



rj 



■ = t 1 dt / xl{| t -i a; |<i} i/(dx) = ( / + / )t x dt I xt{\ t -i x \<i} vidx) 

Je Jw d \Je Jl J Jm. d 



xlog(eV |x|) u(dx) — / xlog(TA |x|) v{dx) 

\x\<l J\x\>l 



11 



= - / £ A(d£) / (log(e V r)l {r < 1} + log(T A r)l {r>1} ) p^dr) 
Js Jo 

Since £ i-» / °° (log(£ V r)l{ r <i} + log(T A r)l{ r>1 }) p^(dr) is a bounded function 



(p^(0, oo) = 1), rj e span supp(A) = span supp(Ai) by Lemma 4.1 Thus r 
lim £4 o,Ttoo r £ T E span supp(Ai). 



Finally, if Hi(/x) = 5 r then Ai = 0, so that z/ = 0. Hence r = by (4.4). The 
proof of Theorem |3.3| is complete. □ 



Proof of Theorem \3.4 Let Tj = 0Tj. Then {Tj} is a sequence of arrival times in a 
Poisson process of rate one and we can write ( |3.3[ ) as 



(4.5) 



/*OG x 

Jo j=1 



Applying Theorem 4.1 of [UJ we get that the series converges a.s. if and only if 
E^Vl" = 0~ x L d \x\ a v(dx) < oo (where V = V\) and the limit 

(4.6) a := lim / E [r 1/a Vl {{t -i/ avl < 1} ] dt exists i 

If a ^ 1 then 



in 



(4.7) 



a 



a-lT-> 



lim £ , V r ln V | <T i/ai.(r 



>} 1 



l-l/a 



M 



a-l\ 



Let < a < 1. Notice that for every e e (0, 1) 



limsupT^^lEVlriv^ri/a}! < limsup T l - l/a E\V\t m < £T i/ a} 
+ limsup T 1_1/a E|^|l {er i/ 



L {eT 1 /a<|y|<T 1 /a} 

< limsup T 1 - 1 / a (eT 1 ' a ) 1 - a E\V\ a + limsup E\V\ a l {eTl/a<lvl<T i /a} 
= e 1 ' a E\V\ a . 
Letting e — > we show that limsup T _ >00 T 1 ~ 1 ^ a EVl^ v \ <T i/ a y = 0. Therefore, 



T^oo 



O 



1 — a 



£ 



\V\ 



W\ 



We conclude that the series in (4.5) converges a.s. if and only if i£|V"| a < oo, that is, 
/i e D(H Q ) when < a < 1. 

If 1 < a < 2 and \i e T)(E a ), then E\V\ a < oo. Since also £V = we get 



^kWl^,^;^ - \V\^) 
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a 



«-1t-> 



lim EV(T^ l/a - \V\ a - 1 AT 1 " 1 / ) 



a 



1 — a 



E 



V 

W\ 



v\ a 



Thus, the series in (4.5) converges a.s. Conversely, if the series in (4.5) converges a.s 



then T^V^I" < oo and the limit in (4.7) exists. Hence 



= lim \EV1 



T->oo 



{\V\<(2T) 1 / a } 



1/a| ((2T) 1 - 1 / Q - IIT- 1 ) - EVt m ^ /a} {T l - l ' a - \V\ a - 1 



( 2 i-i/a _ i) ii m T l - l/a EVt 



T->oo 



{\V\<T 1 / a }i 



which implies that EV = 0. Thus \i G 2)(H a ). We conclude that, when a/1, the 



series in (4.5) converges a.s. if and only if \x G £>(H ( 



Now consider a = 1. Suppose that the series in (4.5) converges a.s. Then 



Ld \x\ v{dx) = 9E\V\ < oo and the limit (4.6) 

(4.8) a:= lim / E [rVl { | t -i v ,< 1} ] dt = lim EVl m < T} log 

T— >oo /q T— >-oo 



T 



exists. Therefore, 



= lim 

T->oo 



lim 

T-s-oo 



2T T 

EVt { \ V \<2T} log jTTj- - EVldv^T} log jj- 



log 2 ^Vl{| v|<2T} + EVt {T< \ V \<2T} log 



T 



log2£V. 



This shows that f Rd xv(dx) = 6EV = 0. The condition f< x , <1 \x\ | log |x|| v{x) < oo 
obviously holds because v is a finite measure. Then for T > 1 we have 



x log(|x| A T) v{dx) 



\x\>\ 



xlog|x| u(dx) +logT / x v(dx) 

1<M<T J\x\>T 



xlog|x| v{dx) — logT / x v{dx) 

K|x|<T J\x\<T 



I x log — v(dx) — j 

J\x\<T \ x \ J\x\<l 



xlog |x| v{dx) 



T 



-9EVt{\ V \< T }\og-— - -• / x\og\x\ v(dx). 

\V\ J\x\<l 



Since the limit in (4.8) exists, Ivoclt^^ J,, x\og{\x\ AT) v(dx) exists as well. Thus 
/i G ©(Hi). Conversely, if // G ©(Hi), then TvV^ = and the above computation 
shows that the limit in (4.8) exists. This completes the case a — 1. 



We have proved that one side in (3.3) exists if and only if the other one does. 



Now we will show that they are equal. Let N t = max{j : Tj < t}. For any fixed 
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T > we have 






The integral is definable if and only if the series converges a.s., so passing T — > oo 



yields the almost sure equality in (3.3). 



Relation (3.4) is immediate from the proof of Theorem 3.3[ i), where we con- 
structed for any px G S^(R d ), < a < 1, a distribution p = p(o,u,o) £ CPo(M d ) such 
that H a (ju) = px- Similarly, the proof Theorem |3.3| (ii) gives for any fix G S°(M d ) hav- 
ing r G span supp(Ai), a distribution p = /i(o,^o) *= CP (M d ) such that Ei(//) = /xi. 



This shows (3.4) 



Now we will prove (gj6|), 1 < a < 2. Let // = S a (/i), where // G 2)(E a ) nCP (IR d ). 
Hence L d \x\ a v{dx) < oo and p = //(o,i/,o)i — A t (o,t/,o) ! so that J Ri x Zz'(dx) = 
by Corollary 2.1 Moreover, u(M. d ) < oo. Consider a polar decomposition (2.1) of 



p(dx) := a\x\ a v(dx), where the radial components p^ are probability measures and 



the spherical component A is given by (|4.2|). Define 
Then 



,i-« 



Pt(dr). 



q(Z)Z KdO 



and by Jensen's inequality, 
q(0^ WO 




t r'- a pt(dr)\(d0 



s Jo 






p(dx) 



a 



x v{dx) 



,1-a 



7- - Pi {dr) ) \(d® 
s \Jo 

< / / r~ a pt(dr)\(dg) = a I u(dx) < oo. 

Js Jo 



As noted in the comment following (4.2), the spectral measure Ai of p is proportional 



to A. Therefore, q satisfies the conditions of (3.6). 



To prove the converse inclusion, let px be a strictly a-stable distribution with 



the spectral measure Ai such that for some function q the conditions of (3.6) hold. 
Define a measure v by 



1/(5) = c / Ai(dO f°° IbH) q(0^ S 

Js Jo q & 



(dr) 
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where c is a constant to be determined later. Then z/(IR d ) = c Lg(^) Q - 1 Ai(d^) < oo 
and 



Moreover, 



\x\ a v(dx) = c Xi(d£) < oo. 
's 



x u(dx) = c / q(S)S Ai(dO = 0. 



Thus /i = ^(o.v.o)! e D(S Q ) n CP (M d ). Finally, for any B G B(S), 



lb 



x 



U< 



|x| a z/(<ix) = c 



/ 1 B (0 Ai(dO = cA x (S). 



Hence, taking c = |aT(— a) cos ^| , we get /ii 



,(/i). 



The strict inclusion in (3.6) is obvious. Indeed, let /x G i9°(R d ) have the spectral 
measure Ai = S v , where v G S. Since f s q(£,)£ Ai(d£) = g(f)w 7^ for any positive 
function q, n <£ E a (1)(E a ) fl CPo(M d )). The proof of Theorem 3.4 is complete. 



□ 



Proof of Theorem 3.1 (i) The inclusion S Q ,(CPo(5')) C 5°(R ) is obvious by Theorem 



3.3 Let /i G S^IR^). In the proof of Theorem 3.3 we constructed a distribution 
fi = ^(o,i/,o) e CP (S) such that E Q (/j) = //. Thus E Q (CP (£)) D S£(P^ 



Let /ii = //i (o lVl ,o) > A*2 = ^2(0,^,0)0 G CP o(5') and H a (xxi) = E a (/x 2 ). Then by flUj ) 



and (4.2), the spectral measure of S Q (/xi) is a|T(— a) cos ^\v\- By the uniqueness of 
spectral measure, we have a|r(— a) cos ™ |fi = a|T(— a) cos ^1^2- Thus /ii = \i%. 
In the case d = 1, S — { — 1, 1} and hence 

H a (CP (SO) = {c( f°° r^diN^at) - N 2 (bt))) : a, 6 > 



(ii) Let // = /x (0 ,^) G Si(CP (SO n CPi(5)). Then ju = E^/x) G S?(R d ) for some 
A* = jLi (0lV ,o)o e CP (5) n CPi(S). Then f s £u(dg) = 0. Therefore 



7 = lim 

e4-0,Ttoo 



t _1 dt 



xl 



{|t-ix|<l} 



u(dx) 



lim 

£40,Ttoo 



y t-H {t > 1} dtj tv(do=o. 



Hence the shift parameter r in (2.3) of /x is 0. 

Conversely, let /x G S^R^) have the shift parameter 0. Take /x = /i(o,^,o) with 
v = |Ai, where Ai is the spectral measure of /x. Then /x G CPo(-S') D CPi(S') and 
Hi(/x) = /L 

The rest of the proof of this case is similar to the case (i). 

(iii) This case is similar to the case (i). □ 
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5. Final remarks 

The following proposition and remark are concerned with the limits of ranges of 
iterations of the mappings E a , < a < 2. The composition H^ = E a o E a is defined 
on the domain 35(S^,) = {/jG 35 (E a ): S Q (/i) 6 £>(H Q )}. 

Proposition 5.1. Lei < a < 2. T/ien 35(5^,) = {<5 }, so t/iat 

E™(35(5™)) = {M /or every m> 2. 

Proof. Let /i G 35(5^,) have the Levy measure v. Since H a (/i) G 35 (H a ), its Levy mea- 



sure z/ has finite a-th moment by Theorem 3.1 From (4.1) this is only possible when 
v = 0. Hence fi is a point mass distribution belonging to 35 (H a ). By Theorem 3.1 (or 



simply by (3.1)), n = 6 . □ 



Remark 5.2. Given a stochastic integral mapping 

*/(a0 = c QH /( S )rfi s w j , H G ©(*,), 

an interesting problem is to determine the limit Dm=i 3?/ 1 (35 (<&<*)). Recently, for 
many integrands /, the descriptions of f]m=i ( £/ l ('^K < ^/0) have been obtained. In 
many cases, Dm=i ^Ji®^™)) is the class L 0O (R d ) of completely selfdecomposable 
distributions or its subclasses; see Maejima and Sato [7], Maejima and Ueda [TOl 19]. 
Aoyama et al. [T], Sato [Ul US]- Also, in some cases, Dm=i $/*(35 ($**)) is the class 
Lqo (o, ^ d ) of completely semi-selfdecomposable distributions with span b > 1, which is 
the closure of the class of semi-stable distributions with span b under convolution and 
weak convergence; see Maejima and Ueda [H]. Other examples are found in Section 
4 of Sato [IS]. However, except of H a , we do not know any example of a stochastic 
integral mapping $ f satisfying $/(£>($/)) 7^ {<5 } and f)~ =1 <J>^(35($^)) = {5 }. 
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